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Abstract: We give a generalization of Rokne’s algorithm (1986) for computing the derivatives of an arbitrary quotient 
of functions. 
1. Introduction 
In [3], Rokne deduced an algorithm for the computation of the derivatives of a rational 
function f(x) =p(x)/q(x), from an exact expression of the Taylor rest, i.e., if 
f(x) = p(x) - AC) 1 
4(x) 4(c) i 1 $$ ‘(c)(x-c) 
+ + . . . 
i i 
(k)(C) b ;,c’* + Q+&’ (x _ C)k+l, A;; 
then 
f 
(k+l+,) = rk+lk)(k + w 
4(c) 
, k=O,l,2 )... . 
The rk’s are recursively computed from the identity 
fk(x) = !i# = !$ + Q+$) ) 
where 
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since rk( c) =fck’( c)/k!q( c), and therefore sk+l( c) = 0, hence, skcl( c) = rk+t( c)( x - c). Then, 
the algorithm of Rokne can be written as 
r-k(C) = Y~!!l(C) - 4’(c) --Y&C), 
4(c) 




j=l,2 >...> n-k, l<kdn-1, n=l,2 ,... . 
The algorithm 
We now generalize this algorithm for quotients of arbitrary functions. 
Let u and u be two functions in C’“‘[ a, b] and let c be a point of ]a, b[ such that U(C) # 0. ,.~ 
Our goal is then to compute ( u/u)(~‘( c) (k = 1, 2,. . . , n). 
Theorem 1. Let U, u E C’“‘[u, b] and c E]U, b[ be such that v(c) # 0. Then 
(k)(C) =‘ki;;,k! , k=l, 2 ,..., n, 
where 
ro(c) = u(c), rJJ’(c) = U(j)(c), j= l,..., n, 
rk(c) = Yi!!l(C) - v’(c) --T&C), 
44 
k= 1, 2 ,..., n, 
and 
rii:/-:“( c) - u(i+lYc) rk_, c 
u(c) ( )I > j=l, 2,..., n-k,l<k<n--1. 
Proof. We proceed by induction. 
For k = 1, 
u’(c) f-l(C) = u’(c) - LI(c)44. 
Since 
( 1 f ‘(C) = &p(c) - $+(C))> 
the theorem is true for k = 1. 
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If the theorem holds for k G m - 1, then 
1 
(m - l)! 




-v’(c) u (m-1) 
CJc) = (m _ l)! ; i i 
(C) - $ (f”l,, [: j(O’2)(c) - & gy;;, (y j(yc) 
1 - . . . - P)(c) U@“(C) 
m(m-l).*.l l! m(m - 1). . . 1 . 0) 
Multiplicating by m! both members of (1) we get 
r,(c)m! = -(yjd(c,(~!‘“-“(c, - (~jv~yc)(~j(-((.) 
that is, 
- *. . -(~jv(““(C,(~j(C) + zPyc>, 
U(~)(C) =r,(c)m! + F (~jv(*)(c,(~j(m-*)(C). 
k=l 
Leibniz’s rule applied to u = u( u/v) yields 
UCM)(C) =v(c,(~j(m)(c) + 5 (~jv’“‘(c)(~j(m-k)(c), 
k=l 
hence, 
v(c,[:](“)(c) = Ym(C)rn! 
(2) 
and we arrive at 
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Corollary 1. The following recursive relation holds 
r,(c)m! = - 
m=l,2 ,..., n. 
Proof. It follows directly from (2) and (3). 0 
Corollary 2. The following relation for the derivatives holds 
Proof. From Corollary 1, we can write 
r,(c)m! = u’“‘(c) - kc1 $ sr m-k(c), 
and since 
m! -zzz 
k! i j 
nki (m _ k)! and rm-‘(,:(, - k)! (; j@-“)(c) 
the result follows. q 
Corollary 2 can be directly proved applying Leibniz’s rule to u( u/u) [2]. 
Remark. In order to calculate rl( c), rz( c), . . . , rn( c) we need compute ri”( c), j = 0, 1,. . . , n - k, 
k = 1, 2, _ . . , n where t-i’“‘< c) = rk( c). For rii)( c) two operations are required after that u(j)(c), 
u(‘)(c), j = 0, 1, . . . ) n and the quotients v~~“‘(c)/v(c), j = 0, 1,. . . , n - 1 have been calculated; 
hence the operational cost is of the order of n2. 
On the other hand we can say that the algorithm is stable with respect to the numerator in the 
following sense. 
Proposition 1. Under the hypothesis of Theorem 1 let ii”‘(c) be an approximation of u(j)(c), 
j=o, l,..., n. Let Fk( c) be the value given by the Theorem 1 by using ii”‘(c) and uCJ)( c). In these 
conditions, one has 
k$ozim r v(k)(C) (“n_k(~) - rn_k(c)) = ii’“‘(c) -u’“‘(c). 
Proof. Let U a polynomial such that U(j’( c) = fi”‘( c), j = 0, 1,. . . , n, then by the Corollary 1 
we have 
(5) 




hence subtracting (6) from (5) we obtain (4). 0 
3. Numerical examples 
In the next examples we use our algorithm to estimate the first n coefficients of the Mclaurin 
series of certain functions u/u. 
Example 1. Function f(x) = set x (n = 16). 
1 .oooooooooo 0.0000000000 0.5000000000 0.0000000000 
0.2083333333 0.0000000000 0.0847222222 0.0000000000 
0.0343501984 0.0000000000 0.0139222332 0.0000000000 
0.0056424968 0.0000000000 0.0022868191 0.0000000000 
We know that 
E E E 
set x = 1+ >x2 + 2x4 + Lx6 + . . . , 
2! 4! 6! 1x1 -=C h
where the Ek’s are the Euler’s numbers. If we multiplicate by (2k)! the coefficients of x2k 
written in the above table, we obtain the first Euler’s numbers 
Example 
E,=l, E,=5, E,=61, E,=1385, 
E, = 50521, E, = 2702765, E, = 1993609812 
2. Function f(x) = x/(exp( x) - 2) (n = 20). 
0.00000000 - 1 .oooooooo - 1 .oooooooo - 1.50000000 
- 2.16666667 - - 3.12500000 4.50083333 - 6.50416667 
- 9.38353175 - 13.53757440 19.53059138 - - 28.17668733 
- 40.65036709 - 58.64608301 84.60841312 - - 122.06413803 
- 176.10132661 - 254.06051059 366.53183872 - - 528.79366605 
Example 3. Function f(x) = tg x (n = 20). 
0.00000000 1 .oooooooo 0.00000000 0.33333333 
0.00000000 0.13333333 0.00000000 0.05396825 
0.00000000 0.02186949 0.00000000 0.00886324 
0.00000000 0.00359213 0.00000000 0.00145583 
0.00000000 0.00059003 0.00000000 0.00023913 
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Example 4. Function f(x) = exp(l/( x - l))/( x - 2) (n = 32). 
- 0.1839397252 0.0919698626 0.1379547939 0.0996340178 
0.0574811641 0.0272077510 0.0123265163 0.0051048748 
0.0024383875 0.0011345933 0.0006305821 0.0003105032 
0.0001701361 0.0000803652 0.0000423530 0.0000197661 
0.0000103819 0.0000049289 0.0000025841 0.0000012434 
0.0000006445 0.0000003128 0.0000001603 0.0000000785 
0.0000000399 0.0000000197 0.0000000100 0.0000000049 
0.0000000025 0.0000000012 0.0000000006 0.0000000003 
We can calculate the derivatives of the numerator u(x) = exp(l/(x - 1)) in x = 0 by the 
following recursive relation 
U(,+r)(o) = (2n - 1) U’“‘(0) - n (n - 1) U’“~“(O), 
u(O)(O) = exp( - l), u”‘(O) = - exp( - 1). 
4. An application 
We now show how this algorithm can be used in the practical computation of Pad&type 
approximants (PTA). 
Given the formal power series 
f(x) = f CkXk, co # 0, (7) 
k=O 
and a polynomial q(x) = a, + a,x + . . . + unxn, ( aOan # 0), the (m/n)-PTA for (7) with de- 
nominator q(x), is a rational function p( x)/q( x) such that f(x) - p( x)/q( x) = 0( xm+l) when 
x -+ 0 (see [l]). The polynomial p(x) is then constructed from the conditions 
4(x) (k) ~ l 1 l/f 64 (0)=p’kyO), k=O,l,..., m. 
The coefficients of p(x) = C~zobkx k are defined by 
bk = rkcO, 
where 
r. = a,, r k = rj!!, - dr/dOrk-t, k= 1, 2 ,..., m, 
j=l,2 ,..., m-k, l<kdm-1, 
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